By introducing two pairs of conjugate exponents and using the improved Euler-Maclaurin summation formula, we estimate the weight functions and obtain a half-discrete Hilbert-type inequality with the non-monotone kernel and the best constant factor. We also consider its equivalent forms. MSC: 26D15
Introduction
If a n , b n ≥ , such that  < 
where the constant factor π is the best possible.
Under the same condition of (), Xin et al. [] gave the following inequality:
where the constant factor c  =  ∞ n=
(-) n-
(n-)  = . + is the best possible. And Yang [] gave the integral analogues of ( Recently, Yang [] gave the following half-discrete Hilbert-type inequality with the nonmonotone kernel and the best constant factor :
Obviously, for a half-discrete Hilbert-type inequality with the monotone kernel, it is easy to build the relating inequality by estimating the series form and the integral form of weight functions. However, for a half-discrete Hilbert-type inequality with the non-monotone kernel, it is much more difficult to prove. In this paper, by using the way of weight functions, we give a new half-discrete Hilberttype inequality with the non-monotone kernel as follows:
where the constant factor  ∞ k=
(k+)  is the best possible. The main objective of this paper is to build the best extension of () with parameters and equivalent forms.
Some lemmas
Lemma . If x  ∈ R, n  ∈ Z (Z is the set of non-negative integers), [x  ] = n  , ρ(y) = y-[y]-  
(y ∈ R) is the Bernoulli function of first order [], then we have (cf. [])
, N is the set of positive integers, define the weight functions as follows:
Then we have
Define two functions as follows:
Define two functions as follows: 
By the improved Euler-Maclaurin summation formula [], we have
where
, in view of (), (), (i) for  ≤ x < , -
Hence, for x ≥ , we have θ (x) > , it follows (x) < c r . The lemma is proved. http://www.journalofinequalitiesandapplications.com/content/2012/1/184
Lemma . As the assumption of Lemma ., if
we havē
Proof It is obvious that R > ,
, we havē
The lemma is proved.
is a non-negative measurable function, then we have 
